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To the question of vector analysis of the uniform rotation of a material point
around a fixed axis
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Abstract. On the basis of the conducted vector analysis of the process of uniform rotation of a material point around a
fixed axis it was established that the generally accepted kinematic parameters of the rotation of a material point in the
form of tangential velocity and centripetal acceleration are necessary, but insufficient for the complete characterization
of the kinematics of the process of rotation of a material point around a fixed axis. The centrifugal acceleration, which is
equal in magnitude and opposite in direction to centripetal acceleration; centripetal and centrifugal velocities equal in
magnitude and opposite in direction, which, interacting with each other, ensure the kinematic condition of uniform
rotation of the material point relative to the stationary center of the circle, the radius of which is much greater than the
geometric dimensions of the mother point are the additional parameters, which, together with the generally accepted
kinematic parameters of the rotation of a material point determine the necessary and sufficient kinematic conditions for
uniform rotation of a material point around a fixed axis.

Keywords: material point, uniform rotation; tangential speed, centrifugal acceleration; centripetal speed; centrifugal
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The issue of uniform free rotation' of a material point® around a circle relative to a fixed center
displaced relative to a material point is the subject of a special study of one of the sections of
kinematics and is considered to be thoroughly studied [1-3]. Among the main characteristics of this
process are the uniform tangential velocity of a point in the direction of a uniform angular velocity of
rotation of a material point along a circle and a non-zero normal acceleration of a material point
directed in the direction towards the center of the circle [1-3]. At the same time, the radius of the
circle remains constant and, thus, one of the main provisions of kinematics is violated, when in the
direction of the constantly acting acceleration of a free material point, there is no speed and movement
of the material point in the direction of this acceleration.

The aim of the work is to develop a method for vector analysis of the kinematic parameters of
the uniform rotation of a material point around a fixed axis using the main kinematic parameters of a
uniform rotation of a material point around a circle, such as normal centripetal acceleration and
uniform tangential velocity which provides the relationship between the fundamental kinematic
parameters (acceleration, movement speed) for a moving material point.

Let us consider (Fig. 1) the process of rotation of a material point (#2) with a radius 7, with a
uniform angular velocity ® = const in a horizontal plane along a circle with a radius » >>7,, relative
to a fixed vertical axis 0Z [1-3].
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! Free random rotation of a material point (rigid body) represents a curvilinear motion of a material point in which the resultant moment
of external forces relative to the moving center of mass of a material point (rigid body) is equal to zero [4].

2 Under the term of material point in this article we will understand an absolutely rigid body, the center of mass of which coincides
with a geometric point, connected with the position of the center of the ball (circle) with radius which is neglected when solving a
specific problem of classical mechanics [5], [6].
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where L =27r is the length of circle, limited by the central angle 27, along which moves m during

. 27 . . . . . . _
one revolution; 7= =— - circumferential period of uniform rotation around the circle; ® - vector
®

of the angular velocity of rotation of the radius vector (not shown in fig. 1).

Fig.1.

When the radius of the vector 7 rotates by a small angle do.,, the tangential velocity vector
v'(t,) will rotate by an angle over a period of time & =¢, —¢,

O =00, = ®dt (2)

and will represent the tangential velocity vector v'(¢,).
The segment between the vectors v'(¢,) and v'(z,) in fig. 1 represents the relative rotation
vector dv *(d¢) of the tangential velocity vector

6‘71(&) =‘71(t2)_‘—)r(t1) (3)

which at 0@ =00, <<2m (8¢ << T) is directed along the radius vector 7 to the center of the circle
and will represent a small change in the tangential velocity vector

Syt = ‘8\7‘(&)‘ =8¢ = v'wdt = »°rdt = const 4)

Dividing dv° by the time interval 8¢, we obtain the modulus of normal centripetal acceleration

c_zcnp , directed along the normal to the center of the circle O [1-3].
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The calculation scheme for the rotation of a material point, shown in fig. 1. will correspond the
vector design seme of this movement presented in fig. 2, a, where the direction of the angular velocity
vector @ in the direction opposite to the direction of the axis 0Z is determined in the adopted
calculation scheme in fig. 1 by the direction of rotation of the material point (72) along the circle
clockwise [1-3].
Let us perform in the design vector scheme (Fig. 1) the following transformations (Fig. 2, b).
We restore in the current position of mass m on a circle with a radius 7 the angular velocity vector

®, = and “balance” it with the vector —®, . By such a transformation, we do not violate the

conditions m of rotation relative to the axis 0Z presented in Fig. 1 and fig. 2, a. At the same time, in
Fig. 2, b, two planes (T,, and T_,, ) can be distinguished in the form of rectangles, the sides of

which, respectively, are vectors:
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- ®, and V" for plane T,, (painted in pink);

- —woand V" for T, (painted in lettuce).

Fig. 2.

The product of vectors @ and V" in the plane T,, will determine the acceleration vector c_zc"p .
Its direction along the normal line to the plane T,, and along the radius-vector 7 towards the axis

of rotation 0Z is determined using the “gimlet” rule when turning (@, ) the vector @ towards the

vector V' in the plane [1-3]

a,|= ‘G)X VT‘ =V’ sin(%) =0V =’

(6)
Note that the vector equation (5), which uniquely determines the magnitude and direction of
the centripetal acceleration vector Egp , corresponds to the definition of the same vector Egp when

solving equations (2)-(4), which follow from the analysis of the calculation scheme shown in fig. 1.

Product of vectors ®” and V" in the plane T _ (fig. 2, b) is determined by the centrifugal

wm

acceleration vector @y . Its direction is normal in the plane T ,,, along the radius-vector 7 in the
direction opposite to the axis of rotation OZ is defined using gimlet rule when turning the (@, )

vector — @, to the side of V" in the plane T, .
al = ‘—c_ox vf‘ = ov'sin()) = ov* = s 7)
From (5) and (6) it follows
agp =0y, (®)
From (5) taking into account the mutual direction of the vectors a[}p and ‘73” we obtain the

corresponding values of the centripetal velocity vectors ﬁcnp and centrifugal speed c’} rotation of

a material point (m) around a circle (fig. 2, b):
87;1’) = ‘7;) - Ot 9)
— —n

v, =a,, Ot =—a, ot (10)

From (9) and (10) it follows
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e, =) (11)

Equations (8) and (11) determine the necessary and sufficient kinematic conditions for the
steady free uniform rotation of a material point around a fixed vertical axis.

Conclusions. On the basis of the performed vector analysis of the free uniform rotation of a
material point around a fixed vertical axis, additional kinematic parameters in the form of centrifugal
acceleration and centrifugal speed are established, which, together with traditional kinematic
parameters: tangential speed and centrifugal acceleration, provide the necessary and sufficient
conditions for the uniform movement of a material point around a circle constant radius.
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/o NUTAHHA BEKTOPHOI0 aHAJIi3y PiBHOMIPHOI0 00epTaHHA MaTepiajbHOL
TOYKH HABKOJIO HEPYXOMOI OCi

L.B. To6pos

Anomauyia. Ha niocmasi npoeedeno2o 8eKmopHo20 aHAli3y npoyecy pi6HOMIPHO20 00epmMaHHsA MamepiaibHoi mouKu
HABKONIO HepYyXOMOi OcCi 8CMAHOBIEHO, WO 3A2aNbHONPUUHAMI KIHeMAMUYHi napamempu 00epmanHs MamepianbHoi
MOYKU NO KONY y 6U2iadi MAaH2eHYianbHOi weuoKocmi ma OOYeHmMpo8o20 NPUCKOPEHHS € HeoOXIOHuMU, dae
Hedocmamuivyu Ol NOBHOI XAPAKMEPUCMUKU KIHeMamuKy npoyecy 00epmanHa MamepianbHOi MOuKu HABKOI0
Hepyxomoi oci. J[Jooamkogi napamempu, SKi pazom i3 3a2an1bHONPUUHAIMUMY KIHEMAMUYHUMU NAPAMempami 0bepmanms
MamepianbHOl MOYKU NO KOy, BUSHAUAIOMb HeOOXIOHI | 00CMAMHI KIHeMAMUYHI YMO8U 0I5l PIBHOMIDHO20 0OepmManHts
MamepianbHoi MOUKU HABKONO HEPYXOMOL OCi: GIOYEeHMPOBe NPUCKOPEHHS, WO OOPIGHIOE 3A GEAUYUHONO | NPOMUIIECHE
30 HANPAMOM OOYEHMPOBO20 HPUCKOPEHHs, DIBHI 3d GeNUYUHON | NPOMUNEINCHI 34 HANPAMKOM OOYeHmposa i
8IOYEeHMPOBA WEUOKOCI, SIKI 83AEMOOII0UL MIJIC COOOI0 3a0e3neuyroms KIHeMAmuyHy YMO8Y PIBHOMIPHO20 0OepmanHs
MamepianbHOl MOUKU w000 HEPYXOMO20 YeHmpY KONd, paldiyc K020 Habazamo nepesuiyye 2eoMempuyHi po3mipu
mamepianbHoi MmoyKu.

Knrouosi cnosa: mamepianvna mouka, pieHomipue 00epmanHs, MaHSeHYIliHA WEUOKICMb, OOYEeHMPO8e NPUCKOPEHHS,
8I0YEeHMPOBe NPUCKOPEHHS, 00YeHMPO8a WEUOKICb, 8I0YEeHMPO8A WEUOKICIb, 8eKIMOPHULL 000YMOK.
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